APPENDIX A
EVALUATION OF |v;(r|0,1;)3

A. First case
The first case corresponds to the condition Cy(¢;,1;,r): 37/2 < ¢; < 2w, < ;| sin ¢;| (Fig. 2-(a)). In this case, the overlap
occurs when 0 < 6 < ¢; — 7. According to Fig. 2-(a), for ¢, — m < 6 <,
|”Ui(7“|0, lz)|2 = 0, (20)

and, for 0 < 6 < ¢; — m, )
rSinT;

tan(2m — ¢;)

rsinT;

[vi(r10,1;)]2 = ), (1)

(reost; +
def

where 7; = ¢; — 0 — .

B. Second case

The second case corresponds to the condition Ca(¢;, i, 7): m < ¢; < 3w/2,r < I; (Fig. 2-(b)). According to Fig. 2-(b), for
¢ —m<0<m,

I?}i(’l“w, li)|2 = 0, (22)

and for 0 <0 < ¢; — r, . .
(1B, 1)l = T reos Ty — TP, =
Because tan(2m — ¢;) = — tan(¢;) = — tan(¢; — ), the equations for the second case become identical to those for the first

case. C12(¢;, l;,r) is defined in Subsection IV-B.

C. Third case

The third case corresponds to the condition Cs(¢;, l;,7): 37/2 < ¢p; < 2m,1;|sin ¢;| < r (Fig. 2-(c)). In this case, we need to
consider three sub-cases. When two vertices on the diagonal of the parallelogram w(r|¢, ;) are on the line on which the (i+1)-th
line segment lies, [; sin(2w—¢;) = rsin(¢;—w—0). Let (1 (i, Li, ), C2(ds, Ui, 1) be 0 satisfying [; sin(2nr—¢; ) = 7 sin(¢; —7—0)
(Fig. 2-(¢”)). Here, (1(¢4,1;, 1), Ca(diy iy m)(< G iy 1, 7)), and (¢, L;, ) > 0 are defined in Subsection IV-B, where arcsin
takes a value between —/2 and 7/2.

Dependent on whether 6 is larger than (i (¢;,1;,7) (C2(¢s, i, 7)), the shape of v;(r|0,1;) is different: triangle or quadrangle.
Therefore, we obtain the following. For ¢; — 7 < 0 < 7,

[vi(r|0,1:)]2 =0, (24)
for ¢1 (i, li,r) <0 < ¢; —m or for 0 < 6 < [Ca(¢i, Li, 7)) T,

rsinT;
tan(2m — ¢;)

[v;(r]0,1;)|2 = TSI;Ti (rcosT; +

), (25)

and for [Co(¢i, li,7)]T < 6 < Ci(dasli, ),
li SiIl(27T — (bz)

L onCT = 00) (1, cos(am — gy) + HHRET = Ol 20

i(r]6,4;)|2 = Lirsinf —
|v; (r16,1;) |2 7 sin 5 o

D. Fourth case
The fourth case corresponds to the condition Cy(¢;,1;,7): m < ¢; < 37w/2,1; < r (Fig. 2-(d)). In this case, similarly to the

third case, we need to consider three sub-cases. Because sin(2mw — ¢;) = sin(¢ — 7) and I; <7, 0 < (1(di,l;,7) < ¢p; — 7. In
addition, (2(¢;,1;,7) < 0. Then, for ¢, — 7 < 0 < ,

[vi(r]0,1;)|2 = 0, (27)
for ¢i(¢i, li,r) <O < ¢y —m,

rsin T rsinT;

i(r10,1:)]2 = it
|vi (r|0,1;)|2 (rcost; + tan(@7 — 67)

), (28)

and for 0 < 6 < (1(¢y,1;,7),

i Sin(2m — ¢ i Sin(2m — ¢y
(710, 1) = Lyrsin — LERCT Z00) oo gy 4 LT = 6i)y 29)
2 tan 7;

def

Let C34(¢i, li,r) = Cs(¢s, L, m) U Ca(i, L, 7).



E. Calculation of |v;(r|0,1;)|3

Note that |v;(r|6,1;)|2 is independent of the rotation of the x-axis, we can calculate it by assuming that the z-axis is set
along the i-th line segment. By using |v;(r|0,;)|> under this assumption, we can calculate |v;(r|6,1;)|s = [ |v;(r]0,1;)|2d6.

For each concave ¢;, overlap v;(r|6,(;) may occur between T and w(r|6,[;). In addition, the concave ¢; may cause the
other overlap v;(r|0,1;11) between T and w(r|6,1;11). Due to Eq. (7),

Tl =2rTH > > > 1(cj(¢i,z,r))/ﬂ [vs (7|0, 1)|2d6. (30)

Here,

i §=12,3,41=l;,li41 0

1Cra(6s,1, 7)) /O " 0s(r16, 1)

where g1(¢;), g12(¢i,r) are defined in Section IV-B. This is because

In addition,

P pginT rsinT;
1Culon ) | (rcos s = "))
O 1
—1(C12(¢i, 1,m))r g1 () /8
1(Ci2(¢4,1,7))g12(0s,7)
31
b . .
rsinT; rsinT;
/a 2 5 (rcost; — tan o, )do
T —2Ti+Sin(2Ti) ¢i—b—m7
= [—g(— COS(2’TZ') + W)]Ti:¢i—a—ﬂ'
(32)
1Ca(on L)) [ fosr16. D]t
0
=T rginTy 7 sin T
1(C3(i, 1,m)){ ——(rcosT; — -)do
oo dimyt o gebT) 2 o s
225 rein T rsinT;
+ ; ( | ) (rcost; — — )do
C1(¢i,l,r : . i )
—|—/ Irsinf + Lsin i (lcosp; — sin ¢Z)d9},
[C2(¢i7l;'r)]+ 2 tanTi
1(03(@171',1,7"))93((251'71,7’)7
(33)

where g31(¢4,1,7), g3.2(¢i, 1, 7), g3,3(Pis 1, 7), g3,4(¢ps,1,7) and g3(¢;,1,r) are defined in Secction IV-B. This is due to Eq.

(32) and because, for j = 1,2,

Furthermore,

008(2(¢i - T = C] ((bia li7 ’I"))) =1- 27(¢7]7 li7 T)2) (34)
Sin(2(¢i - = CJ(¢27Z7AT>))

_ ) 2v(¢i,lisr) /1 = (@i, iy r)?,  for j =1, (35)
B _27(¢2; livr) V 1- ’Y(@a livr)Qv for .7 =2.

1(Ca(di,1.7)) / i (10, 1) 6
¢i—m

rsinT; rsinT;
1(Cy(i, 1, m)){ “(rcosT; — L)df
PTG 2 tan ;
1 q5b,T l 1 y l 3 i
+ Irsinf + sin ¢ (Icosg; — sin g )db},
anT;

1(Cy(6i,1,7))ga (65, 1,7
(36)

where g4(¢;,1,r) is defined in Section IV-B.



APPENDIX B
PROOF OF THEOREM 6
Note that [ has the following characteristic.
Lemma 1: Assume the sufficient condition in Theorem 6. When st < I, < s’ < I, there is only a single pair

((ba l) € {(¢z; li), (¢z, li+1)}i such that

1(012( ,l,S )) = 1,
1(Csa(9,1,57)) = 0,
1(012(¢7l’sl)) = 0,
1(034(¢),l,5/)) = ].

This lemma is clear due to the definitions of C'a, Cs4, and {1 }4.
Lemma 2: When r =1[ + ¢,

Z 1(Ck ((ba la T))gk(¢7 la T) = 1(034(¢a la T))g4(¢? l7 ’I") (37)
k=3,4
where € is a very small positive constant.
Proof: When 1(C3(¢,1,14+¢€)) =0 and 1(C4(o, 1,1+ €)) = 1, it is clear that Eq. (37) is valid.
Assume that 1(C5(¢, 1,1 +€)) = 1 and 1(Cy(¢, 1,1 + €)) = 0. This means 37/2 < ¢ < 2. Then, arcsiny(¢,l,1 +
€) = 27 — ¢ — ¢ where € is a very small positive constant. Thus, (2(¢,1,1 + €) = —¢' < 0. When (2(¢, 1,1 +¢€) < 0,
93(0, 1,1+ €) = g4(, 1,1 + €). Therefore, Eq. (37) is valid. O

A. Main part of proof of Theorem 6

When ¢;,1; € Zf and ;41 € Zk (¢i,li+1 € Zx and I; & Zg), we call l;41 (I;) the undetermined line segment of (¢;, =)
and use the notation [(¢;,Ey) to express this undetermined line segment. When I, = [l;(sin ¢;),;], define I(I) = l;. Set
=2 =0.

For s’ < I3, Zl:lj7lj+1 1(C34(¢j,1,8")) = 0 for any j. Therefore, due to Lemma 1, for Iy < s3 < s4 < Io, there exists a
single pair (¢;,[) that satisfies the following conditions with k = 3,4 where [ = ; or l;41:

{ 1(034((;51'7[; Sk)) > Oa
1(C34(0j,1,5,)) =0, for any j # 1.

We can assume 1(Cs4(g,l;, s1)) = 1, 1(Cs4(di, lir1, sk)) = 0 without loss of generality. Set s —I([1) = €k, a very small
positive constant, for k = 3,4, and apply Eq. (37) with [ = [(I1),r = l(I1) + €. Then, due to Eq. (12), we can obtain

q(sk) = —9a(@s, li, si) + g12(ds, Sk)

(k = 3,4). By using a given ¢(s3) and ¢(s4), unknown parameters ¢; and [; are uniquely determined (see Appendix C-A).
Update Zy by adding the parameters determined here. That is, set = = Zg U {¢;, l;} = {¢4, L}

Similarly, for I < r < I3, we can determine a pair (¢,1) ¢ Z; or a undetermined line segment [(¢,=;). Note, for
I, < r <13, (1) or (2) defined below occurs:
(1) there exists a single pair (¢,l) ¢ Z; that

{Zl 1(034(¢7Z7T)) > Oa
Zl 1(034(¢/a l,’l")) =0, for any ¢/ g =1 U {(b}’

(2) there exists (¢,1) € E; that

1(034(¢7l,7')> = 1u
1<C34(¢7 l((ba El)7 7")) = 1a
Zl:l]-,lj+1 1(034(¢jvla T)) = Ov for any ¢j ¢ E1~

For (1), we can assume 1(Cs4(¢g, i, 7)) = 1, 1(C34(dk, lk+1,7)) = 0 without loss of generality. Then, for Is < s5 < sg <
I5, set s; — I(I2) to be a very small positive constant ¢; for j = 5,6, and apply Eq. (37) with { = I(l2),r = [(I2) + ¢;. Then,
due to Eq. (12),

4
a(s))+ D D UCom(d:1,5)gm(,1,85) — 128, 8;) = —ga(Pk: L, 55) + g12(Sk: 55),

m=3 ¢,lcE,

where j = 5,6. Because we have already uniquely determined ¢;,!;, the left-hand side of the above equation is given.
Thus, ¢, I are uniquely determined (see Appendix C-A). Update =; by adding the parameters determined here. That is, set
=== U {¢k, lk}



For (2), for I < s5 < I3, set s5—1(I3) to be a very small positive constant €5 and apply Eq. (37) with [ = I(I2),r = I(I2)+e5.
Then, due to Eq. (12),

4
a(s5)+ > Y LCn(,1,55))gm (.1, 55) — 2012(6, 55) = —ga(¢i, (4, 1), 55)-

m=3 ¢,lE=1

By using the given left-hand side of the above equation, [(¢;,=;) is uniquely determined (see Appendix C-B). Update =; by
adding the parameters determined here. That is, set 25 = =; U {i(¢;,=1)}.
By repeating this procedure, we can uniquely determine |7T'|1, |T|2, and {l;,l; 11, ¢; > 7}

APPENDIX C
PROOF OF UNIQUENESS

A. Proof of uniqueness regarding ¢ and 1

In this section, we use the notations
G = {(¢,l,r)|7r <¢<3m/2, 1< 7“},
Go = {(¢,l7r)|37r/2 < ¢ <2m lsing| < r}.

Below, we define arcsin(-) with its value on the interval (—m/2,7/2) and arccos(-) on (0,7). We also simplify the rep-
resentations of some of the functions below. They were obtained with the aid of elementary calculations, and we omit the
proof:

cos(Ci(l,9,7)) = —/1 — (7(¢,l,r))2cos¢>
+1r~tsin? ¢,

_ Ising\2 2arcsiny(l, é,7)
gs,l(l,¢>,r)——2( ; )+ tan ¢ (38)

+2lr~/1 - ('y(gﬁ, l; 7"))2 cos @,

_ (¢ —m)
91(¢) = —2{1 T tang }

We prove the uniqueness of a solution when the estimability condition holds.
Using Eq. (38), we obtain the following equality.

2

B6.Lr) = —ga(o.Lr) — Tar(9)

r? 3l
L 2 2 ([sind)?
T IV (Isin¢)2 cos ¢
2 T2C1(¢7 l,T)
4tan ¢

= =lr+
+%(z sin ¢)

———— " ~sin¢cos¢

l2<1 (¢a lv T)
2

[sin ¢)?
+ (log(r/l)) % (39
Now, we introduce the notation & = (¢,l) and regard r as a parameter for the meanwhile. We also use the notation
®(x;r) = O(l, ¢, r) hereafter. Then, we prove uniqueness in accordance with the following argument.

Let us suppose that two points {a;};—1,2 = {(¢;,1;)}5_, satisfy

q)(flil;’l‘i) = @(wg;h‘) = dl‘ (Z = 1,2).

Since this means
‘I)(:El;’l“i) — ‘I’(:L‘g;?“i) = O (Z = 1,2),



by virtue of the mean value theorem, we have

1
(1:1 — wg) . / Vfb(nwl + (1 — 17)5(32; ’I“i) d’l] =0
0
(i=1,2), (40)
where V = (9/0¢,0/01)T. Let us introduce

Then, Eq. (40) equals

where

with m; ; = f;(ri; €1, x2). Therefore, if
det M (1, x3) # 0 (41)

holds for every (x1,x2), it means & = 0, which directly leads to the desired statement.
Now, assume r; < 7o without loss of generality; then, Eq. (41) amounts to

f1(7'1; a71,w2)f2(7“2; Ty, 332)
—fi(re; @1, @2) fo(r1; @1, 2) # 0. (42)

Thereby, it is sufficient to show, for instance,
filr e, x2) > fi(re; xr, x2),
fa(ri; ey, ®2) < fi(ra; @y, ®2) Yy, 2

for Eq. (42). In particular, it suffices to show

B otz (g1, 43)
6¢ (¢7l,r1) = g¢ ((b,l,’l"g) (44)

2
V((ﬁ,l,’f'i) S ng, ry <7ra,
i=1
and we shall prove Egs. (43)—-(44) below.
It is obvious that ®(¢,l,r) is smooth enough with respect to (¢,1,7), and we first derive 0®/0r. By virtue of Eq. (39),
after some calculations, we have

0P B r lcos¢ - (Isin ¢)2
o~ gy Vo sine e
_2tgn¢{¢ — m + arcsin(l sin (b/r)}. (45)

From this, we deduce

0o 1( +Isin? ¢ — /72 — (Isma)? co ¢) (46)
=—(-r in“ ¢ — /12— (Isin So).
olor r
Since —r + Isin? ¢ < 0, it is sufficient to consider the case cos ¢ < 0 to show the non-positiveness of the right-hand side. It
p g

is easily seen that | — r + Isin® ¢| > |\/r% — (Isin ¢)2 cos ¢| holds, since
| —r +1sin®¢[> — |/r2 — (Isin )2 cos ¢|?

= rfl) sin? ¢ > 0.

Thus, due to Eq. (46), 8l Br < 0 holds for ¢ € (m,27), which corresponds to Eq. (43).



Next, using Eq. (45) again, some lengthy calculations yield

ro S 202 sin® ¢ cos ¢ — 2 sin ¢ cos ¢
dpor  2rsin’®¢

++/72 — (Isin $)2(2sin? ¢ — 1)l sin ¢

+r2{¢ — 7 + arcsin(l sin ¢/7“)}1 . 47)

This time, we discuss the positivity of the right-hand side of Eq. (47) for two cases with respect to the values of ¢: (¢,1,7) € G;
or Go.

The first case is when (¢, 1,7) € Gy, where cos ¢ = —+/1 — sin® ¢ holds. By taking into account ¢)—7 = arcsin(sin(¢—m)) =
arcsin(— sin ¢), denoting y = sin ¢ leads to

82(1) 2 2.3 2
= (rry—209")v1—y

0¢pOor

+ly(2y* — 1)y/r2 — (ly)?

+r2{arcsin(ly/r) - arcsin(y)}7 (48)

where y € (—1,0). To show the positivity of the right-hand side of Eq. (48), we regard it as a function of r by fixing the
variable y, which is denoted by f(r). Then,

oy =T =y

2 —(ly)?

—I—{arcsin(ly/r) — arcsin(y) }

Obviously, g(I) = 0 holds, and in addition,

g =D )

Vr >0, y € (—1,0).

This implies g(r) > 0 Vr > [ for each y € (—1,0), and therefore, f’(r) > 0 on the same interval. By noting that f(I) = 0
holds due to Eq. (48), we arrive at
0%*®
d¢por

In the second case, when (¢,[,r) € Go, we first note that

>0 Vr>0,ye(-1,0).

¢—m + arcsin(lsing/r)
= (¢— 3%) + g + arcsin(Isin ¢/r)
= arccos(—sin ¢) + arccos(—Isin ¢/r).
By applying this to Eq. (47) and introducing z = —sin ¢ € (0, 1), we obtain

2
oo _ 1 l(rzz — 21223)\/ 1—22

0pOr — 2rz2

+rlz(1 — 22%)/1 — (1z/r)?

+r2{arccos(z) + arccos(lz/r) }] (49)



In accordance with the definition of arccos(z), we have

r? arccos(z) 4 (r?z — 21%23)y/1 — 22

1
=22(r% — (1)) V1 — 22 + 2,22/ V1—t2dt >0,

r? arccos(lz/r) + (rlz — 2rlz®)\/1 — (1z/r)?

1

= 2rl2(1 — 22)\/1 — (1z/7)2 + 2r* V1—1t2dt

lz/r
> 0.

Thus, we arrive at )
0°®
— >0 Vr>0
dgor = =

in this case also. This corresponds to Eq. (44), and now, we have completed the proof of uniqueness by virtue of the preceding
arguments.

B. Proof of uniqueness regarding |

With (¢, r) provided, we solve the problem
9a(l,¢,7) =¢q (50)

with respect to [. By making use of Eq. (38) in the preceding subsection, we write

g4(lv (b? T) =lr

1+ g 1-— (’7(¢,I7T))2COS¢‘|

3, . 2 rrarcsiny(o,l,7)
—= (l sin QS) —
4 4t
1*C1(9) (?Srilf¢)2 r
5 sinQScosqS—Tlog(Z).

If we regard the right-hand side of Eq. (51) as a function of { and denote it by ¥(l), then we have

U'(l)=r+4/r2— (lsin¢)2cos¢
—5(1 n log(;)) sin? ¢
+1 (QS — marcsiny(¢, 1, 7’)) sin ¢ cos ¢. (52)

In the following, we show the non-negativity of ¥’(I) for any (¢,l,r) € G; (i = 1,2) separately.

First, we consider the case (¢,1,7) € G;. In this case, we fix [ and ¢, and regard the right-hand of Eq. (52) as a function
of r, denoted by F'(r). Then, we show F(r) > 0Vr > [ with (¢,l,7) € G;. By virtue of elementary calculations, it is easily
seen that

+

(5D

Flomy = Ji+Ja,
Ji = 2lsin? ¢, i’
n

Jo l(qb—ﬁ—l—arcsin(lSir ))sin¢cos¢.

It is obvious that J; > 0 holds. Then, introducing y = sin ¢, we have ¢ — m = arcsin(y) as we have seen in the previous
subsection. This leads to

[sin ¢
r

p—m+ arcsin( ) = arcsin(ly/r) — arcsin(y) > 0,

and we have Jy > 0 on G;. These indicate
Fl,—; > 0. (53)

In addition, it is easily seen that

r? — (Ising)?cos¢ Isin? ¢

F'(ry=1
() =1+ : ;

> 0.




This, together with Eq. (53), implies ¥’(l) > 0 on G;.
Next, we consider the case (¢,l,7) € Ga. Since ¢ € (37/2,27) in this case, we have

i
¢—m+ arcsin( Sm(b)
T

= arccos(— sin ¢) + arccos(—Isin ¢/r).
Therefore, by taking z = —sin ¢ € (0,1) and making use of 1+ logx < z Vx > 0, we have
V() =r+ /12— (12)2V/1 — 22 — 22 (1 + log(§>)

+lzv1— zQ{arccos(z) + arccos(lz/r)}

> (r+12%)(1 - 2%)

+(1—|— (lj—f)\/ﬂ — (1221 =22 > 0.

This completes the proof.

APPENDIX D
ESTIMATION METHOD FOR {l;,l;11,®;}

Under limited cases such as a small number of concave vertices and large number of sensing results available, the following
procedure theoretically can estimate {l;,1;11,¢;} when the estimability condition is satisfied. However, the estimated results
are often unstable.

Let ¢(r) be an estimator of ¢(r). Then, it is given as follows.

q(r) = 27|QUoN(r) /n, — 2T — 27T — 22 g1(4)/8 (54)

where 32, g1(¢s) = 43,1 oATIQU2N (55)/ns — [Tlis; — w|T|2}/s7.

We expect that ¢ (r) df q(r) = 0 for r < I;. Therefore, by plotting ¢(r), we can estimate where I; is and choose s3, s4 > I;
(Fig. 10). s3 and s4 should not be too large, because they should satisfy s3,sq4 < Io. Because q(sg) = —ga(i,li,s1) —
s%gl(@-) /8 (k = 3,4), we can estimate ¢;,[; by using the calculated ¢;(s3),q1(s4) and solving the following equations for
k=3,4.

—

q1(sk) = —ga(bi, li, s) — sig1(¢:)/8 (55)

By using the estimated ¢;, ;, plot ¢y, +1(7) e am(r) + 22,3 4(9]‘((]/;1‘, Li,r)+ rggl(ai)/S)l(Cj(qE, l;,r)) with m = 1. We
expect that go(r) ~ 0 for r < I. Therefore, by plotting go(r), we can estimate where 15 is and choose s5, sg > I» (Fig. 10).
For I, < s5 < sg < I3,

2(s1) = —9a(95, 15, 51) — s2g1(dk) /8 (56)

for k = 5,6. Hence, we can estimate ¢;,[; by using the calculated ¢2(s5), g2(s¢) and solving the equations similar to Eq. (55)
for k = 5,6. If the estimated ¢; is approximately equal to ¢;, judge that j = 4 and adopt the estimated [; as l; ;.

Repeat these steps by using g, (r). We expect that we can estimate {l;,l; 11, &}

A numerical example is provided here to illustrate the estimation method mentioned above. 7' is that used in Subsection E.
T has one concave vertex with ¢; = 4.89 and/l\l = 9.434,1l5 = 5.385. We performed a simulation with N; = 100000 and
|Q]2 = 2500. According to Eq. (54), q1(r) = q(r) was obtained as a function of r (Fig. 10). On the basis of this figure, we
chose s3 = 6,54 = 8. Then, we obtained two equations (Eq. (55)) with s3 = 6,s4 = 8. As a solution of these equations, we
obtained an estimated ¢; = 5.40 and [; = 2.69. By using these estimated results, we plotted g2(r) and chose s5 = 13,55 = 15
(Fig. 10). We solved two equations (Eq. (56)) with s5 = 13, s¢ = 15 and obtained the estimated ¢, = 5.293 and /5 = 10.79. On
the basis of the plotted gs(r) (Fig. 10), we judged that all {I;,1; 11, ¢; }; were estimated because g3(r) = 0 for 0 < Vr < rpaz.
Because ¢1 =~ ¢, we judge that they are identical.

APPENDIX E
PARAMETER DESIGN

With the proposed estimation method, we use parameters r,,,,, and s1, ss. To obtain a good estimate, we should appropriately
design the values of these parameters. We use a simple quadrangle as 1" and try various values of parameters in the estimation
method to determine them. The quadrangle has four edges with {; = 9.434,1, = 5.385,l3 = 10, and Iy = 10v/2 and one
concave vertex with a radian of ¢; = 4.89.

We determine 7,4, by using e(r)/o for this quadrangle. We conducted a simulation, and the results are shown in Fig. 11

with Ny Lof No + N4 = 10000 for each simulation run. In this figure, the average of e(r)/c of 20 runs is plotted against
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7 /Tmaz for each 7,,4.. According to this figure, 7,4, & [; or r = [; can detect non-convexity well if we judge it by evaluating
that e(r)/o is larger than a threshold. Specifically, r =~ min(l;,1;11) is suitable to detect non-convexity.

However, we do not know the exact ;. To be applicable to various T, it is better to use various r to cover various /;. In
the following, we use 7,40 = 20 and 7 /74,4, = 0.3,0.5,0.7. We can then obtain three e(r)/o corresponding to each value of
7/Tmaz- By using these three e(r)/o, we choose the largest and judge the non-convexity of 7 if it is larger than a threshold.

Next, we determined s;, so by using the simulation results for this quadrangle with N; = 10000. The results are shown in
Fig. 12. For various s; and so, |T|; is estimated with the proposed method using Egs. (14) and (16), and its relative error
is evaluated. The last one is the result assuming the convexity and calculated using Eq. (14). As shown in this figure, |T|;
assuming the convexity has a large negative bias, that is, underestimates |7'|; for a non-convex 7'. However, the relative error
has a very small variance. In comparison, |T'|; estimated with the proposed method has a very small bias and a large variance.
Therefore, the estimation of |7'|; for a non-convex T requires a large number of samples. In general, (i) a too small or too
large s; may cause a bias, and (ii) a large s — s has a small variance of the relative/grror. As aresult, sy = 1 and so = l;,l;41
are appropriate combinations. Because we do not know the exact l;, we calculate |T'|; using Eq. (14) with a small number of

samples and use, for example, s = |T/|\1 /10.

APPENDIX F
T USED IN SUBSECTION VII-A



Fig. 12. Perimeter estimation errors with various s1, s2
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