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PAPER

Networked Movable Fuel-Supply Stations for Vehicles and Its
Performance

Hiroshi SAITO†a), Fellow

SUMMARY A fuel-supply system using movable fuel-supply vehicles
(FSVs) is proposed and its performance is evaluated. Both FSVs and ve-
hicles requesting fuel are equipped with networked sensors. The sensors
in FSVs are location sensors, and those in vehicles requesting fuel are for
determining the remaining amount of fuel and the location of the vehicle.
The time from when a fuel request is generated until the request is satisfied
is the most basic performance metric for this system. Explicit formulas
for the probabilistic distribution of this request time are also derived. Nu-
merical examples show that the number of movable FSVs can be smaller
than that of fixed fuel stations by about 80% or more than two orders of
magnitude. This result suggests that movable FSVs may reduce the cost of
the fuel supply infrastructure for alternative-fuel vehicles such as fuel-cell
vehicles.
key words: sensor network, performance evaluation, networked movable
fuel-supply stations, networked vehicles, fuel-supply for vehicles

1. Introduction

Alternative fuel vehicles, such fuel-cell and electric, using
sensor networks have become increasingly important. Due
to the greenhouse effect, also known as global warming, as
well as the fear of depletion (or price increase) of oil, gov-
ernment organizations are imposing stringent regulations on
fuel consumption and emissions of new vehicles. Conse-
quently, conventional automobile manufacturers as well as
manufacturers of automobiles that use new types of fuels,
such as hydrogen or electricity, are struggling to develop
vehicles with new mechanisms that can overcome difficul-
ties in satisfying these regulations [1]. It is well known that
one of the major obstacles to the widespread use of alterna-
tive fuel vehicles is the fuel-supply method. For example,
hydrogen fuel-cell vehicles require hydrogen stations as an
infrastructure. However, the construction of such an infras-
tructure is not easy, particularly for the early period when
there is a small number of such vehicles.

On the other hand, a large number of papers has been
published on sensor networks because recent developments
in electronics and micromechanics enable the manufacture
of small, low-cost, low-power sensor nodes with communi-
cation capabilities and built-in batteries. Sensor nodes that
transmit sensory data of detected events via a wireless link
can be used to build wireless sensor networks [2]–[4]. Al-
though sensor network R&D is booming, practical applica-
tions of sensor networks are limited. One of the reasons
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is the lack of markets and applications that can open up a
new paradigm making full use of such advanced sensor net-
works.

We have been focusing on sensor networks and
alternative-fuel vehicle technologies these past few years to
apply sensor networking technologies to fuel supply sys-
tems [5]. A refueling system is proposed, which involves
vehicles equipped with sensor networks for monitoring the
remaining fuel, the vehicle’s location, and sending sen-
sory data through a wireless link, and fuel-supply vehicles
(FSVs) that patrol the area for vehicles that require refuel-
ing instead of the vehicle traveling to a fixed gas station for
refueling. (The analysis and modeling described in this pa-
per can be applied to either gas or alternative-fuel vehicles.
Therefore, distinguishing between gas and alternative fueled
vehicles is not necessary in this study.)

Both these technological fields have made progress,
and the possibility of their implementation has increased.
For example, for fuel-cell vehicles, instead of dangerous hy-
drogen gas, safe materials are supplied and processed in the
vehicle to generate hydrogen. For electric vehicles, power-
supply stands have started to be deployed. Furthermore,
battery-replacement stations have been proposed. It was re-
ported that battery replacement can be done within a minute
[6]. These stations would have to be large because many
types of batteries would have to be supplied depending on
the type of electric car. However, if we can standardize the
battery and transport charged batteries on a truck that has a
mechanism for replacing batteries, the proposal of this pa-
per becomes realistic. On the other hand, a sensor network
infrastructure or wide area sensor network such as a Wide
Area Ubiquitous Network has been proposed [7]. Nation-
wide coverage is important for this application.

A movable FSV is proposed that can reduce the cost of
building an infrastructure for alternative-fuel vehicles and to
initiate and stimulate this combined research in sensor net-
works and alternative-fuel vehicle technologies. A refuel-
ing system consists of networked sensors, movable FSVs for
providing fuel to alternative-fuel vehicles, and a control cen-
ter for transmitting instructions to FSVs based on the sen-
sory data sent from vehicles. The performance in terms of
how long it takes for each vehicle to refuel after requesting
it is evaluated through analysis and computer simulation.

The performance evaluation is in a category of an inter-
contact time (ICT) analysis or analysis of the request delay
of two mobile nodes. ICT has been analyzed intensively for
delay tolerant network (DTN) applications. DTNs do not
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assume that there is connectivity between mobile nodes at a
certain time. When mobile nodes equipped with radio com-
munication devices are disconnected from other nodes, the
packets from the nodes are stored and forwarded through in-
termittent contacts established by the mobility of the nodes.
When mobile nodes are within range of their radio commu-
nication devices, they send their stored packets to each other.
Thus, ICT is the most important characteristic, and the re-
quest delay, which is the time from when the (communica-
tion) request is generated until the request is satisfied, is the
most important performance metric. The analytical formu-
las for the distributions of ICTs and mobility models, such
as a random waypoint model [8]–[10], have been discussed
[11]–[14]. While two mobile nodes generally may uninten-
tionally meet in a DTN, the proposed model assumes that
they intentionally meet.

In addition to DTNs, some papers have analyzed the
performance of systems including mobile entities. For ex-
ample, in [15], a model for dealing with the spread of viruses
enables uninfected nodes to avoid infected nodes that target
them. This model is similar to the proposed model in this
paper, but targeted mobile nodes do not attempt to avoid
infected ones in the proposed model. Another example is
the analysis of the multiple-vehicle dynamic traveling re-
pairperson problems (m-DTRP) [17]. The original m-DTRP
assumes that demands are generated according to a spatio-
temporal Poisson process and remain at the location where
they are generated, and an algorithm minimizing the elapsed
time (request delay) to satisfy the demands has been studied,
for example, in [18]. The proposed model in this paper is an
extension of the m-DTRP because the fact that the demand
(fuel request) moves is assumed.

2. Model

Consider a two-dimensional grid plane as a model of roads
on which vehicles are traveling. The size of the plane is
large enough that we can ignore the boundary of the plane.
The distance between two neighbor grid points on the plane
is a unit length, and the speed of the vehicles is a unit length
per unit time. Assume that the vehicles can travel f units of
time with a full tank and that they enter the fuel-request state
when the remaining fuel allows them to travel u units of time
(for simplicity, f and u are assumed to be integers). Fuel
supply vehicles also travel on the grid plane. At a discrete
time t, each vehicle or each FSV is at a grid point. At t + 1,
the vehicle or the FSV is at the next grid point. If a vehicle
and an FSV are at the same grid point at the same time, it is
defined as “they meet.” If a vehicle is at a grid point and an
FSV is at a neighboring grid point at t, and their positions are
exchanged at t + 1, it is assumed that they also meet (not on
the grid plane but on the road). That is, vehicles and FSVs
are defined as meeting at t if xv(t) = xF(t) or if xv(t − 1) =
xF(t) and xF(t − 1) = xv(t), where xv(t) = (xv(t), yv(t)) is the
location of a vehicle at t and xF(t) = (xF(t), yF(t)) is that of
an FSV at t. If a vehicle is in the fuel-request state and meets
an FSV, the vehicle is refueled and continues traveling.

Each FSV is assumed to have an infinite capacity of
fuel. Road and crossing points (grid points) are assumed to
have an infinite capacity. That is, any number of vehicles
and FSVs can be at a grid point and can move from one
grid point to the next. At t = 0, an FSV and a vehicle are
randomly placed at each grid point with a probability of λ
and μ, respectively. That is, the mean density of FSVs and
that of vehicles are λ and μ, respectively.

The following submodels of the travel routes of vehi-
cles and FSVs are considered: the fixed station submodel,
the predictable route submodel, and the independent direc-
tion submodel. The goal of this analysis is the probability
distribution of how much time elapses until fuel is provided
to the vehicles under each submodel. (Through this prob-
abilistic distribution, other metrics can be derived, such as
the probability that a vehicle will run out of fuel.)

2.1 Fixed Station Submodel

The fixed station submodel is a model in which FSVs do
not move, i.e., they stay fixed at the initial point. This is
a model of existing gas stations. Each vehicle, when in
the fuel-request state, immediately goes to the nearest FSV.
Each vehicle is assumed to have information on the location
of the FSV.

2.2 Predictable Route Submodel

In this submodel, the control center and FSVs can predict
the route of each vehicle. This is an ideal case, in which it is
possible to know the route of each vehicle, but is useful as a
reference. (This submodel is known as the node-initiated
messaging ferry scheme [16]. In this scheme, the ferry
moves according to a specific route determined by nodes,
and these nodes move proactively to meet up with the ferry
to request delivery of the message. In [16], a decision mak-
ing rule of the nodes has been proposed where each node
moves if a certain value related to the message drop rate is
larger than a threshold. The interests of [16] are the message
delivery rate and energy consumption, which were evaluated
through simulation. Unfortunately, their results are not di-
rectly applicable because there is no explicit applicable for-
mula, and the metric they evaluated is a little different. The
decision rule that the nodes follow also prevents us from us-
ing their results.)

This case is ideal, but it can be approximately imple-
mented with an in-vehicle navigation system that determines
the route to a given destination and a communication sys-
tem, which transmits this determined route to the control
center at the beginning of the fuel-request state. In addi-
tion, each vehicle is equipped with a sensor for detecting
the fuel-request state, a location device for detecting the ve-
hicle’s location, and a communication device for transmit-
ting the fuel-request signal with the detected location to the
control center. Each FSV has a location device detecting
its own location and continuously transmits this information
to the control center. When the control center receives the
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fuel-request signal from a vehicle, it chooses an FSV on the
basis of a calculation of which FSV can meet this vehicle at
the earliest time under the assumption that this vehicle con-
tinues traveling on the predetermined route and stops upon
running out of fuel. In accordance with the calculated re-
sult, the control center directs the chosen FSV to meet this
vehicle and sends the location and route information of this
vehicle to the chosen FSV. This vehicle is called the target
vehicle for the chosen FSV.

The performance may be improved if the chosen FSV
visits another vehicle that has entered the fuel-request state
and is on or near the route of the chosen FSV approach-
ing the original target vehicle (update option). However, for
simplicity, the taregt vehicle of the FSV does not change
before the FSV completes the refueling process (no-update
option) is assumed. In addition, for the independent direc-
tion submodel, this assumption is applied. The effectiveness
of these options is shown in a later section with numerical
examples.

2.3 Independent Direction Submodel

At each grid point (i, j), each vehicle travels to (i+1, j) with
probability α+, (i − 1, j) with probability α−, (i, j + 1) with
probability β+, and (i, j− 1) with probability β−. (α+ + α− +
β+ + β− = 1.)

The other conditions are similar to the predictable route
submodel. Each vehicle is equipped with a sensor for detect-
ing its fuel-request state, a location device for detecting its
location, and a communication device for transmitting the
fuel-request signal with the detected location to the control
center. Each FSV continuously transmits its location infor-
mation gathered by its location sensor to the control cen-
ter. When the control center receives the fuel-request signal
from a vehicle, it chooses the nearest FSV of this vehicle.

The control center directs the chosen FSV to meet this
vehicle and sends the location information of this vehicle to
that FSV. (This vehicle has become the target vehicle of the
chosen FSV.) The chosen FSV moves with the intention of
reducing the distance to the target vehicle. The movement
of the chosen FSV is described as follows.

Let x∗(t) = (x∗(t), y∗(t)) be the location of the chosen
FSV and x†(t) = (x†(t), y†(t)) be the location of the target
vehicle at t. Set δx(t) = (δx(t), δy(t)) = x†(t) − x∗(t). Before
the meeting, the chosen FSV moves as follows.

x∗(t+1)=x∗(t)+

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(1, 0) with prob. p+x(δx(t))
(0, 1) with prob. p+y(δx(t))
(−1, 0) with prob. p−x(δx(t))
(0,−1) with prob. p−y(δx(t))

(1)

Remark: It is natural to assume that p+x(δx(t)) = 0 if
δx(t) ≤ 0, p−x(δx(t)) = 0 if δx(t) ≥ 0, p+y(δx(t)) = 0
if δy(t) ≤ 0, and p−y(δx(t)) = 0 if δy(t) ≥ 0 because
the chosen FSV tries to meet the target vehicle. As a
special case, p+x = 1 and p−x = p+y = p−y = 0 for
{(δx, δy)|δx > 0, δy = 0}, p−x = 1 and p+x = p+y = p−y = 0
for {(δx, δy)|δx < 0, δy = 0}, p+y = 1 and p+x = p−x =

p−y = 0 for {(δx, δy)|δy > 0, δx = 0}, and p−y = 1 and
p+x = p−x = p+y = 0 for {(δx, δy)|δx = 0, δy < 0}.

3. Analysis

Assume that a vehicle enters the fuel-request state at t = 0.
This vehicle is called the tagged vehicle.

This section focuses on the tagged vehicle and analyzes
the elapsed time (the request delay) s until the chosen FSV
reaches the tagged vehicle (and refuels) from the starting
time of the fuel-request state (i.e., t = 0). Thus, the target
vehicle is the tagged vehicle in this section. This is a good
approximation of the time needed until an arbitrary vehicle
in the fuel-request state is refueled. It is also assumed that
there are enough FSVs. (In practice, vehicles may compete
for allocation of an FSV. Thus, this assumption generally ne-
glects this fact, although the impact of this fact is discussed
in Sect. 4.2.) In the numerical examples, the performance of
the tagged vehicle is derived through an analytical method
and compared with that of an arbitrary vehicle by computer
simulation.

3.1 Analysis of Fixed Station Submodel

The elapsed time s until the tagged vehicle meets the near-
est (chosen) FSV (and receives fuel) from the starting time
of the fuel-request state (i.e., t = 0) is equal to the dis-
tance from the tagged vehicle to the nearest FSV at t = 0.
This is because the FSV does not move and the tagged ve-
hicle in the fuel-request state heads for the nearest FSV
at a speed equal to 1. Here, D(x†(0), x∗(0)), the dis-
tance between the tagged vehicle and the nearest FSV at
t = 0, is |x†(0) − x∗(0)| + |y†(0) − y∗(0)|. Let Ωk(x†(0)) =
{(i, j)|D(x†(0), x) = k, x = (i, j)} be the set of grid points
whose distance from x†(0) is k. Then, for k > 0,Ωk(x†(0)) =
{(x†(0)+k, y†(0)), (x†(0)+k−1, y†(0)+1), · · · , (x†(0), y†(0)+
k), (x†(0) − 1, y†(0) + k − 1), · · · , (x†(0) − k, y†(0)), (x†(0) −
k + 1, y†(0) − 1), · · · , (x†(0), y†(0) − k), (x†(0) + 1, y†(0) −
k + 1), · · · , (x†(0) + k − 1, y†(0) − 1)}. For the set Ωk(x†(0)),
|Ωk(x†(0))| (the number of elements) is 4k for k > 0 and
|Ωk(x†(0))| = 1 for k = 0.

Note that the probability distribution of the elapsed
time until fuel is provided is identical to that of the distance
when the elapsed time is shorter than u (the remaining time
until fuel runs out) and that FSVs are deployed uniformly on
the grid. Then, the probability of the elapsed time s is given
as follows. For n ≤ u,

Pr(s ≤ n) = 1 − (1 − λ)
∑n

k=0 |Ωk(x†(0))|

= 1 − (1 − λ)2n2+2n+1. (2)

Equivalently,

Pr(s = n)

=

{
(1 − λ)2n2−2n+1 − (1 − λ)2n2+2n+1 for n > 0,
λ for n = 0.

(3)

For u < n < ∞, Pr(s = n) = 0 because the vehicle cannot
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reach any FSV more than u units away due to the shortage
of fuel. Therefore, E[s], the mean elapsed time since the
beginning of the fuel-request state before fuel is provided,
becomes infinity.

Even for a case in which a vehicle can obtain fuel, it
may need to travel off the route. This fact is evaluated in
the Appendix. Without intentionally traveling off the route
to obtain fuel, the inter-visit time vt to the fixed FSV is ge-
ometrically distributed if vt < u. This is because the FSV is
uniformly distributed.

Pr(vt = k) =

{
λ(1−λ)k−1

1−(1−λ)u , for k = 1, 2, · · · , u
0, otherwise.

(4)

3.2 Analysis of Predictable Route Submodel

An FSV located at x∗(0) = (x∗(0), y∗(0)) can meet the tagged
vehicle before it runs out of fuel at (x†(t), y†(t)) on the pre-
determined route at t if |x∗(0)− x†(t)|+ |y∗(0)− y†(t)| ≤ t ≤ u
(Fig. 1). Note that if |x∗(0) − x†(t)| + |y∗(0) − y†(t)| ≤ t
is satisfied, then |x∗(0) − x†(t′)| + |y∗(0) − y†(t′)| ≤ t′ for
t < t′ ≤ u. Therefore, for n ≤ u, Pr(s ≤ n) is equal to
the probability that there is at least one FSV in the area for
which |x∗(0)− x†(n)| + |y∗(0) − y†(n)| ≤ n. Because this area
includes 2n2 + 2n + 1 grid points,

Pr(s ≤ n) = 1 − (1 − λ)2n2+2n+1. (5)

This result shows that the probability distribution of the
elapsed time for providing fuel is the same under the sce-
nario in which the chosen FSV moves to meet the tagged
vehicle at a predictable location (the predictable route sub-
model) and the scenario in which a vehicle moves to reach
the nearest fuel station of known location (the fixed station
submodel) when the elapsed time is shorter than the period
before running out of fuel. However, under the fixed station
submodel, the vehicle needs to make a detour from its route,
consuming time and fuel to return to the route, and the vehi-
cle may not be able to reach the FSV (the fuel station) before
running out of fuel.

For n > u, Pr(s ≤ n) is given as follows. When t >
u, the vehicle stops at (x†(u), y†(u)). Therefore, Pr(s ≤ n)
is equal to the probability that at least one FSV can reach
(x†(u), y†(u)) within n units of time. That is, this probability
is equal to the probability that at least one FSV is in the area,
such that |x∗(0)− x†(u)|+ |y∗(0)−y†(u)| ≤ n (Fig. 1). Because
this area includes 2n2 + 2n + 1 grid points,

Pr(s ≤ n) = 1 − (1 − λ)2n2+2n+1. (6)

That is, for both n > u and n ≤ u, the same equation is valid.
Equations (5) and (6) show an interesting contrast with

the work in Ref. [19], which shows that by using a simple
model the complementary cumulative distribution function
of ICT has both the power law shape and exponent decay.

3.3 Analysis of Independent Direction Submodel

First, the symmetric case in which α+ = α− = β+ = β− =

Fig. 1 Analysis of predictable route submodel.

0.25 is analyzed. Therefore, these parameters can be re-
placed with α = 0.25. The approximated analysis is shown
below because the exact analysis even applicable to asym-
metric cases, shown in the Appendix, requires much com-
putational effort.

Let Ωk = {δx(t)|D(x†(t), x∗(t)) = k} be the set of states
δx(t), where the distance between the chosen FSV and the
target vehicle is k. (δx(t) ∈ Ωk implies x∗(t) ∈ Ωk(x†(t)).)
Let p(m, n)(t) be the transition probability of δx(t) ∈ Ωm to
δx(t + 1) ∈ Ωn for m > 0. To evaluate p(m, n)(t), consider
p(i, j : k, l)(t), which is defined as the transition probability
of δx from δx(t) = (i, j) to δx(t + 1) = (k, l) for |i| + | j| > 1.

p(i, j : k, l)(t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α, for (k, l) = (i, j),

α(p+x(i, j) + p−y(i, j)), for (k, l) = (i − 1, j + 1),

α(p+y(i, j) + p−x(i, j)), for (k, l) = (i + 1, j − 1),

− − − − − − − − − − −
αp+x(i, j), for (k, l) = (i − 2, j),

α(p+x(i, j) + p+y(i, j)), for (k, l) = (i − 1, j − 1),

αp+y(i, j), for (k, l) = (i, j − 2),

− − − − − − − − − − −
αp−x(i, j), for (k, l) = (i + 2, j),

α(p−x(i, j) + p−y(i, j)), for (k, l) = (i + 1, j + 1),

αp−y(i, j), for (k, l) = (i, j + 2),

0, otherwise.
(7)

By considering the Remark in Sect. 2.3 and p(i, j : k, l)(t)
shown above, for |i| + | j| = m > 1, |i| > 0, | j| > 0,

p(m, n)(t) =
∑
|k|+|l|=n

p(i, j : k, l)(t) =

⎧⎪⎪⎨⎪⎪⎩
2α m = n
2α m = n − 2
0 otherwise

.

For |i| + | j| = m > 1, |i| = 0 or | j| = 0,

p(m, n)(t) =
∑
|k|+|l|=n

p(i, j : k, l)(t) =

⎧⎪⎪⎨⎪⎪⎩
3α m = n
α m = n − 2
0 otherwise

.

Hence,

p(i, j)(t) ≈
⎧⎪⎪⎨⎪⎪⎩

2α, for j = i
2α, for j = i − 2
0, otherwise.

(8)
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Therefore, Pt(k| j) = Pr(δx(t) ∈ ∪0≤l≤k Ωl|δx(0) ∈ Ω j) can be
approximated by the quantile of the binomial probabilistic
distribution, where each probabilistic event follows p(i, j).
For t ≥ 0 and k ≤ j,

Pt(k| j) ≈
∑

2l≥ j−k

t!
l!(t − l)!

(2α)l(2α)t−l

≈ Φ(( j − k − a(t))/σ(t)), (9)

where Φ(x) denotes the probability integral higher than x
of the standardized normal distribution, a(t) = 4αt = t and
σ(t) =

√
8α(1 − 2α)t =

√
t. (Note that Pt(i| j) ≈ 0 for i > j

and j − 2t > i.)
The elapsed time s until the tagged vehicle is refueled

from the start of the fuel-request state is the first passage
time in which δx(t) first reaches Ω0, i.e., s = min{t|δx(t) ∈
Ω0}. In addition, because of Eq. (3), the initial probability
Pr(δx(0) ∈ Ω j) = (1−λ)2 j2−2 j+1−(1−λ)2 j2+2 j+1 for j > 0 and
λ for j = 0. Therefore, when n ≤ u (i.e., the FSV reaches
the tagged vehicle before the vehicle runs out of fuel),

Pr(s ≤ n)

≈
⎧⎪⎪⎪⎨⎪⎪⎪⎩
λ, for n = 0,
λ +
∑2n

j=1((1 − λ)2 j2−2 j+1

−(1 − λ)2 j2+2 j+1)Pn(0| j), for n > 0.
(10)

At t = u, the tagged vehicle stops at (iu, ju). Then, for
|iu| + | ju| > 0,

Pr((iu, ju) ∈ Ωk)

≈
∞∑
j=1

((1 − λ)2 j2−2 j+1 − (1 − λ)2 j2+2 j+1)

(Pu(k| j) − Pu(k − 1| j)). (11)

After the tagged vehicle stops somewhere in Ωk at t = u, the
chosen FSV can meet it at t = u + k. Thus, for n > u,

Pr(s ≤ n) = Pr(s ≤ u) +
n−u∑
k=1

Pr((iu, ju) ∈ Ωk)

≈ Pr(s ≤ u)

+

n+u∑
j=1

((1 − λ)2 j2−2 j+1 − (1 − λ)2 j2+2 j+1)

(Pu(n − u| j) − Pu(0| j)). (12)

(the fact that Pu(n−u| j), Pu(0| j) ≈ 0 for j > n+u was used.)
Now, we are in a position to analyze the general case of

α+, α−, β+, and β−. Without loss of generality, it can assume
that α+ ≥ α−, β+ ≥ β−, and α+ − α− ≥ β+ − β−.

A heuristic approximation based on the symmetric case
is given because the exact analysis, shown in the Appendix,
requires much computational effort. Note that for the sym-
metric case, p(i, j)(t) is approximately independent of a state
in Ωi or t. However, for the general case, it depends on the
respective state. For example, the transition probability of
δx(t) from a state {(k, i − k)|0 < k < i} to Ωi−2 is α− + β−
and from a state {(−k, i − k)|0 < k < i} to Ωi−2 is α+ + β−.
However, as time t passes, it is likely that the state stays in
{(i, j)|i, j > 0} when α+ > α−, β+ > β−. Then, the transition

probability from a state in Ωi to Ωi−2 approaches α− + β−.
This fact is considered for the approximation. That is,

at t = 0, δx(0) ∈ Ω j occupies a state uniformly in Ω j. The
tagged vehicle moves (α+−α−, β+−β−) at each t on average.
Set α̃( j) = (α+ −α−)/(2 j− 1) and β̃( j) = (β+ − β−)/(2 j− 1),
and define αt( j) = max(α−, α−(1/2+ α̃( j)t)+α+(1/2− α̃( j)t)
and βt( j) = max(β−, β−(1/2+ β̃( j)t)+ β+(1/2− β̃( j)t)). αt( j)
and βt( j) are the weighted means of α+ and α− and that of
β+ and β−, respectively, and are approximated probabilities
that the tagged vehicle at its initial location in Ω j moves
closer toward the chosen FSV along the x-axis and the y-
axis, respectively. Then, at each t, the average and vari-
ance of the shortened distance between the chosen FSV and
the tagged vehicle are approximately 2(αt( j) + βt( j)) and
4(αt( j) + βt( j)) − 4(αt( j) + βt( j))2, respectively. Therefore,
for t ≥ 0 and i ≤ j, Pt(i| j) is approximately

Pt(i| j) ≈ Φ(( j − i − aj(t))/σ j(t)), (13)

where

aj(t)

=

∫ t

z=0
2(αz( j) + βz( j))dz

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

t − (2 j − 1)(α̃( j)2 + β̃( j)2)t2, for t ≤ 1
2α̃( j)

(2 j − 1)/4 + (2α− + β+ + β−)t
−(2 j − 1)β̃( j)2t2, for 1

2α̃( j) ≤ t

≤ 1
2β̃( j)

2 j−1
2 + 2(α− + β−)t, for 1

2β̃( j)
≤ t

(14)

σ j(t)

=

√∫ t

z=0
4(αz( j) + βz( j)) − 4(αz( j) + βz( j))2dz

≈ √t. (15)

(σ j(t) can be calculated based on the equation above, but the
approximation that σ j(t) =

√
t is adopted because it has a

numerically small impact.)
By using Eqs. (10) and (12), Pr(s ≤ n) can be obtained.

Remark: Here, the relationship between the proposed
model and the random walk on a two-dimensional grid plane
is described. For the symmetry case, the behavior of δx(t)
can be approximated by a two dimensional discrete random
walk, which has been used as a model in many applications.
A symmetric random walk on a two dimensional grid, where
mobile nodes move and sensors and wired access points are
fixed, was analyzed in [20]. There, the inter-contact time
between a mobile node and a sensor/access point was an-
alyzed. Another analysis of a symmetric discrete random
walk showed that the meeting time of two symmetric ran-
dom walks on the torus with the size

√
G× √G can be mod-

eled as an exponential distribution where its mean is the or-
der of G log G [15], [21]. However, in general, δx(t) is not a
random walk, but a state-dependent 2×2 Markovian system.
Thus, it is difficult to approximate the proposed model by a
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two dimensional random walk.

3.4 Stability of Movable FSV Submodels

This subsection investigates the performance deterioration
and stability condition of the movable FSV submodels (the
predictable route submodel and independent direction sub-
model).

When the density of vehicles is much higher than that
of FSVs (i.e., μ � λ), vehicles in the fuel-request state
compete to receive fuel from FSVs. This effect needs to
be taken into account. The effective FSV density λ̃ is de-
fined as the mean density of FSVs that do not have targets
and can be chosen as an FSV for a vehicle newly entering
the fuel-request state.

To estimate the effective FSV density λ̃, consider how
many vehicles are in the fuel-request state. There are
μ E[s]+rT

( f−u)+E[s]+rT
vehicles requesting fuel in a square unit area,

where rT is the time for providing fuel to each vehicle. This
is because a vehicle travels f − u without entering the fuel-
request state and stays in the fuel-request state for E[s]+ rT .
Thus, this number of FSVs has already been assigned to ve-
hicles in the fuel-request state and cannot be used under the
no-update option defined in Sect. 2.2.

We implicitly assumed in the previous subsections that
there were enough FSVs and that the effect of vehicles in the
fuel-request state competing for FSVs was negligible. This
implies that λ̃ ≈ λ. However, in evaluating E[s], the density
of FSVs available is λ̃, although λ is used.

Thus,

E[s(λ̃)] =
∞∑

n=0

P(s > n)(λ̃) (16)

λ̃ = λ − μ E[s(λ̃)] + rT

( f − u) + E[s(λ̃)] + rT
. (17)

(To emphasize the fact that the right-hand side of Eq. (16)
is a function of λ̃, (λ̃) was added at the end of the equation.
P(s > n)(λ̃) can be calculated through P(s > n)(λ) derived
in the previous subsections by setting P(s > n)(λ = λ̃).)

4. Numerical Examples

4.1 Conditions

We set 200 m as the unit length and 20 s as the unit time. Ve-
hicles and FSVs are assumed to travel at 36 km/h and thus
take a unit time to move from one grid point to a neigh-
boring one. The mean FSV density λ is 0.001 if we do
not specify it explicitly. (In Japan, there are about 50,000
gas stations within 380,000 km2. This corresponds to about
0.005/square units of length.) With a full tank, each vehi-
cle is assumed to be able to travel f = 1250 units, which
corresponds to 250 km. If the value of u is not explicitly
indicated, the vehicle enters the fuel-request state when the
remaining fuel drops to less than that necessary for traveling
u = 50 units, which corresponds to 10 km.

Fig. 2 Stability of system.

4.2 Numerical Results: Condition for Stability

This subsection evaluates the range of system stability. The
curves given by Eqs. (16) and (17) are plotted in Fig. 2,
where the predictable route submodel (Eqs. (5) and (6)) is
assumed for Pr(s > n) and E[s] in these equations. For a
stable system, there is a single cross point of the two curves:
one is a curve of Eq. (16) and the other is a curve of Eq. (17).
The x-axis of the crossing point is λ̃, satisfying Eqs. (16)
and (17). When the mean vehicle density is μ > 0.026 for
rT = 0 and μ > 0.015 for rT = 26, there is no cross point,
and the system becomes unstable. Thus, for λ = 0.001, ve-
hicle density must be lower than 0.026 for rT = 0 (or 0.015
for rT = 26) for sustainable operation.

For some μ, we can clearly find two cross points. For
such μ, this system may have two equilibrium points. For
such cases, the performance is expected to deteriorate sig-
nificantly.

4.3 Simulation Model

To validate the analysis, a simulation was conducted. In the
simulation, the following assumptions were used in addition
to the previously stated conditions. To avoid any boundary
effect, a torus with a 500 × 500 grid (i.e., 100 × 100 km)
was used as a field model in which vehicles and FSVs are
traveling. (Assume the torus has little impact on the results
because u  500.) A fixed number of vehicles and FSVs
is generated, and each one is placed at a grid point with an
equal probability. The mean densities of FSVs and vehicles
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are λ and μ, respectively. In the predictable route submodel
and the independent direction submodel, FSVs that do not
have target vehicles are assumed to travel randomly. That is,
at each grid point, they choose a direction with equal prob-
ability and move to the next grid point. In the simulation,
the time rT for providing fuel to each vehicle is ignored, al-
though it was taken into account in the stability analysis.

Under the predictable route submodel, each vehicle
travels straight, in a given direction determined randomly,
without stopping. This is called the straight route submodel;
it is a special case of the predictable route submodel. Under
the independent direction submodel, it is assumed that the
chosen FSV travels in the direction along the x-axis (y-axis)
with a probability proportional to |δx(t)| (|δy(t)|). (Even for
the original m-DTRP, a simple optimal algorithm is difficult
to obtain. For the light load limit, an optimal solution was
given [17], but it is NP-hard. Therefore, this simple algo-
rithm was used instead of an algorithm for minimizing the
elapsed time. Thus, the performance can be improved by
using a better algorithm.) In practice, considering a torus,
the following is used.

p+x(δx(t)) =

{ |δx(t)|t
|δx(t)|t+|δy(t)|t if 0 ≤ (δx(t))t

0 otherwise
(18)

p+y(δx(t)) =

{ |δy(t)|t
|δx(t)|t+|δy(t)|t if 0 ≤ (δy(t))t

0 otherwise
(19)

p−x(δx(t)) =

{
0 if 0 ≤ (δx(t))t|δx(t)|t
|δx(t)|t+|δy(t)|t otherwise (20)

p−y(δx(t)) =

{
0 if 0 ≤ (δy(t))t|δy(t)|t
|δx(t)|t+|δy(t)|t otherwise . (21)

Here, |x|t = min(|x|, 500 − |x|), the length measured on the

torus, and (x)t =

⎧⎪⎪⎨⎪⎪⎩
500 + x for x < −250,
x for −250 ≤ x < 250
x − 500 for 250 ≤ x

.

In addition, under the independent direction model, we
have two options: “update” and “no-update,” defined in
Sect. 2.2. Under the no-update option, the control center
chooses an FSV, among those that do not have target vehi-
cles, closest to the target vehicle, and the chosen FSV retains
the original vehicle as a target until it reaches the vehicle and
provides fuel. Under the update option, the control center
continuously calculates the distance of each pair of a vehicle
requesting fuel and an FSV at every t, and updates a chosen
FSV based on the calculation. The chosen FSV for the i-th
vehicle is the closest FSV from that i-th vehicle at that mo-
ment. If the i-th vehicle chooses the closest FSV from the
calculation, the j-th vehicle ( j > i) chooses the closest FSV
among the remaining FSVs from the calculation executed at
that time.

4.4 Numerical Results: Accuracy of Approximation of
Symmetric Independent Direction Submodel

To evaluate the accuracy of the approximated results of the
symmetric independent direction submodel, the curve ob-
tained by Eqs. (10) and (12) was plotted. This curve was

Fig. 3 Performance of symmetric independent-direction submodel.

compared with curves of the complementary probabilistic
distribution of the elapsed time s of an arbitrary vehicle.
They were obtained by the simulation. In Fig. 3, the analyt-
ical approximation shows good agreement for μ = 0.0016
and 0.008. It gives a slightly shorter elapsed time because
the effect of vehicles in the fuel-request state competing for
FSVs is ignored but small. The performance curve derived
by the approximation modified by Eqs. (16) and (17) is al-
most exactly on the simulation curves for μ = 0.0016 and
0.008, although the curve in the figure is omitted.

For μ = 0.02, which yields two equilibrium points in
Eqs. (16) and (17), the original approximation gives too op-
timistic a performance. The performance of the updated op-
tion is between two modified approximations: one is using
an equilibrium λ̃ = 0.0065 in Eqs. (16) and (17) (see Fig. 2)
and the other is that using the other equilibrium λ̃ = 0.0001.
In addition, the approximation of the no-update option is
slightly worse than that modified by λ̃ = 0.0001.

The update options exhibit better performance, partic-
ularly for large μ. This is because, for large μ, the number of
FSVs that are not chosen is small and all of them may be far
away from the vehicle that has just entered the fuel-request
state.

4.5 Numerical Results: Effectiveness of Movable FSVs

By using Eq. (2) for the fixed station submodel, Eqs. (5) and
(6) for the predictable route submodel (the straight route
submodel), and Eqs. (10) and (12) for the independent di-
rection submodel, we plot the complementary probabilistic
distribution Pr(s > n) of the elapsed time s, which is the
time needed by a vehicle to receive fuel after the fuel-request
state starts. Here, λ = 0.01 and 0.001, and u = 20 or 50.
The fixed station submodel and the straight route submodel
shown in Fig. 4 are on the same curve until the elapsed time
is less than u (i.e., fuel does not run out) and they slightly
outperform the independent direction submodel. In fact,
the performance under the predictable route submodel (the
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Fig. 4 Performance under three submodels.

straight route submodel) is ideal because the vehicle routes
are completely predictable. The difference in performance
is larger under λ = 0.01 than under λ = 0.001.

When the elapsed time is larger than u, the performance
deterioration of the fixed station model is large as n becomes
larger. This is because Pr(s > n) cannot be smaller, even
when n becomes larger, as a vehicle running out of fuel can-
not be refueled. (To avoid such a situation, each vehicle
must set a larger u for fixed stations.) Fortunately, for high
FSV density λ, the probability that such a situation will oc-
cur is small (u = 20) or negligible (u = 50). However,
under low FSV density λ, it occurs often (u = 20) or at
non-negligible frequencies (u = 50). Under other submod-
els (submodels assuming movable FSVs), the performance
deterioration is not serious.

The target value st of the acceptable elapsed time is
specified, and the FSV density λ is designed that satisfies
the target value st with prob. 0.99. The result is plotted in
Fig. 5. As the requirement for the target value st is relaxed,
the submodels, assuming movable FSVs, can be used to re-
duce the FSV density λ significantly. However, the fixed sta-
tion submodels cannot be used. As a result, the FSV density
needed under the fixed station submodel is about six times
larger than that under other submodels for (u, st) = (20, 50)
and about four times larger for (u, st) = (50, 100). In prac-
tice, for small u, the effectiveness of movable FSVs is large.
The difference in the FSV density needed is small between
the straight route submodel and the independent direction

Fig. 5 Required density (1).

Fig. 6 Inter-visit time distribution.

Fig. 7 Required density (2).

submodel.
The results mentioned above assumes that a vehicle

that cannot find a fixed FSV within distance u will be
stranded in the fixed station submodel. This assumption
may be too extreme. To compare a movable FSV and a fixed
FSV without using this assumption, the following scenario
is evaluated. Each vehicle has a large fuel tank and does not
stop, but it cannot travel off the route. The vehicle must ob-
tain fuel at the FSV that it happens to meet. Then, the inter-
visit time for the FSV of the vehicle specifies the fuel tank
capacity. The largest inter-visit time corresponds to the fuel
tank capacity without stopping. The inter-visit time distri-
bution under each submodel is compared. Equation (4) for
the fixed substation model, Eq. (5) for the predictable route
submodel, and Eq. (10) enable us to plot Figs. 6 and 7.
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Fig. 8 Performance of asymmetric independent direction submodel.

Figure 6 plots the cumulative probabilistic distribution
for the inter-visit time. It clearly shows that long inter-visit
time occurs with higher probability under the fixed station
submodel than under others. This means that the fixed sta-
tion submodel requires a high density of FSVs.

Figure 7 plots the required density of the FSVs to sat-
isfy that travel with full tank f covers the 99%-tile of the
inter-visit time. It show that the number of FSVs can be
reduced more than two orders of magnitude.

4.6 Numerical Results: Impact of Asymmetry

The complementary probabilistic distribution (cdf) of the
elapsed time for an asymmetric choice of directions in the
independent direction submodel, where α+ = 0.4, α− =
0.1, β+ = 0.3, β− = 0.2, is plotted in Fig. 8. The cdf is ob-
tained by Eqs. (8), (10), and (12) and by simulation. As a
reference, the cdf for the symmetric case (i.e., α+ = α− =
β+ = β−.) is also plotted.

As shown in Fig. 8, the asymmetry causes a slight de-
terioration in performance. This may be because the algo-
rithm moving an FSV does not use the asymmetry of the
movement of the target vehicle but only uses its current rel-
ative position. Figure 8 also shows that the approximation
used in this study slightly overestimates the performance.
This may be due to the fact the effect of vehicles in the fuel-
request state competing for FSVs is ignored.

5. Conclusion

To efficiently implement a fuel-supply infrastructure, mov-
able FSVs for providing fuel to vehicles equipped with sen-
sors was proposed and evaluated. Analytical formulas for
the elapsed time after a vehicle requests fuel until it receives
fuel from an FSV were derived, and the formulas’ accuracy
was verified by computer simulation. Numerical examples
show the possibility of drastically reducing the number of
fixed stations by introducing movable FSVs: one FSV could
provide the same service as several fixed fuel stations.

Vehicles using new mechanisms, such as fuel cells or
electric motors, are a important the technological and busi-
ness sectors. Similarly, the technological and business pos-
sibilities of sensor networks are large. For sensor networks,

this vehicular application can open the door to a nationwide
sensor network. For alternative fueled vehicles, the most
difficult obstacle, the cost of a fuel supply infrastructure,
may be overcome with the deployment of a sensor network.
Therefore, a fuel-supply system based on a wide area sensor
network is worth further discussion.

This was a basic evaluation of the effectiveness of mov-
able FSVs. A centralized architecture of the fuel supply
system based on the movable FSVs was assumed, but a
distributed (decentralized) architecture may be possible and
preferable.
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Appendix A: Evaluation of Traveling Off Route

Under the fixed station submodel, even for the case in which
a vehicle can obtain fuel, the vehicle may need to travel off
its original route. This subsection evaluates this fact.

We assume the following: (i) the tagged vehicle at (0,0)
enters the fuel-request state at t = 0 and obtains fuel at the
nearest FSV from (0,0) at (k, l) (|k| + |l| = n) at t = n; and
(ii) if it had enough fuel, it could reach (n, 0) at t = n (that
is, its original drive route is on the x-axis.). Point (n, 0) is
called the target point. Define an extra time s∗(n) for a given
n(≤ u) as the time needed (and the fuel consumed) to reach
(n, 0) (n > 0) from (0,0) through the FSV minus n, the time
needed to reach (n, 0) without visiting the FSV.

Consider the probability Pr(s∗(n) = i|n) that the extra
time is i under the condition that the vehicle receives fuel
at (k, l) (|k| + |l| = n). Note that the total number, of po-
sitions of which distance from (0,0) is n, is equal to 4n,
and that the total number of positions, of which distance
from (0,0) is n and of which extra time is i, is equal to
1 for i = 0, 2 for i = 2, 4, · · · , 2(n − 1), and 2n + 1 for
i = 2n. Assume that an FSV that provides the shortest extra
time is chosen if there are multiple FSVs of which distances
from (0,0) are the same. Because the FSV meeting loca-
tions are uniformly distributed, the conditional probability
that the FSV, of which extra time i is chosen among them, is
λ/(1−(1−λ)4n) for i = 0, λ{(1−λ)i−1+(1−λ)i}/(1−(1−λ)4n)
for i = 2, 4, · · · , 2(n−1), and λ

∑4n−1
k=2n−1(1−λ)k/(1−(1−λ)4n)

for i = 2n.
Note that if and only if there are no FSVs at (k, l) (|k| +

|l| ≤ n), the vehicle obtains fuel at (k, l) (|k|+|l| > n). Because
the probability p(λ, n) that there are no FSVs at (k, l) (|k| +
|l| < n) is (1 − λ)2n2−2n+1, the probability distribution of the
extra time s∗ without a condition on n is given as follows.

Pr(s∗ = i)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ +
∑u

n=1 p(λ, n)λ, for i = 0,
p(λ, i/2)

∑2i−1
k=i−1 λ(1 − λ)k

+
∑u

n=i/2+1 p(λ, n)
λ(1 − λ)i−1(2 − λ), for i ∈ Z2,0,2u−2

(1 − λ)2u2−2u+1

×∑4u−1
k=2u−1 λ(1 − λ)k, for i = 2u

p(λ, u + 1), for i = ∞
0, otherwise,

(A· 1)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ(1 +
∑u

n=1(1 − λ)2n2−2n+1), for i = 0,
(1 − λ)i2/2{1 − (1 − λ)i+1}
+
∑u

n=i/2+1(1 − λ)2n2−2n+i

×λ(2 − λ), for i ∈ Z2,0,2u−2

(1 − λ)2u2 {1 − (1 − λ)2u+1}, for i = 2u
(1 − λ)2u2+2u+1, for i = ∞
0, otherwise,

(A· 2)

where Z2,0,2u−2 is a set of even numbers larger than 0 and
less than or equal to 2u − 2.

Appendix B: Exact Analysis of Independent Direction
Submodel

Let p(i, j : k, l)(t) be the transition probability of δx from
δx(t) = (i, j) to δx(t + 1) = (k, l) for |i| + | j| > 1. (In practice,
the transition probability is time invariant. Thus, (t) is re-
moved in the following.) In accordance with the movement
of the chosen FSV described by Eq. (1), the following gives
the transition probability of δx from (i, j), where |i| + | j| > 1
when the tagged vehicle does not run out of fuel.

Then,

p(i, j : k, l)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α+p+x + β+p+y
+α−p−x + β−p−y, for (k, l) = (i, j),
β+p+x + α−p−y, for (k, l) = (i − 1, j + 1),
α−p+x, for (k, l) = (i − 2, j),
β−p+x + α−p+y, for (k, l) = (i − 1, j − 1),
α+p+y + β−p−x, for (k, l) = (i + 1, j − 1),
β−p+y, for (k, l) = (i, j − 2),
α+p−x, for (k, l) = (i + 2, j),
β+p−x + α+p−y, for (k, l) = (i + 1, j + 1),
β+p−y, for (k, l) = (i, j + 2),
0, otherwise,

(A· 3)

where p+x(i, j), p+y(i, j), p−x(i, j), p−y(i, j) are simply ex-
pressed as p+x, p+y, p−x, p−y.

For |i| + | j| ≤ 1, p(i, j : k, l) is defined here. (It is not
the exact transition probability of δx from (i, j) to (k, l).) Let
(0,0) be an absorbing state, meaning that the FSV and the
vehicle meet. Note that the meeting on the road (not on the
grid) must be a transition event to (0,0). In addition, under
the assumption, p+x = 1 and p−x = p+y = p−y = 0 for (1, 0),
p−x = 1 and p+x = p+y = p−y = 0 for (−1, 0), p+y = 1
and p+x = p−x = p−y = 0 for (0, 1), and p−y = 1 and
p+x = p−x = p+y = 0 for (0,−1). Then, when the tagged
vehicle does not run out of fuel,

p(1, 0 : k, l) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

α+, for (k, l) = (1, 0),
β+, for (k, l) = (0, 1),
α−, for (k, l) = (0, 0),
β−, for (k, l) = (0,−1),
0, otherwise,
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p(0, 1 : k, l) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

α+, for (k, l) = (1, 0),
β+, for (k, l) = (0, 1),
α−, for (k, l) = (−1, 0),
β−, for (k, l) = (0, 0),
0, otherwise,

p(−1, 0 : k, l) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

α+, for (k, l) = (0, 0),
β+, for (k, l) = (0, 1),
α−, for (k, l) = (−1, 0),
β−, for (k, l) = (0,−1),
0, otherwise,

p(0,−1 : k, l) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

α+, for (k, l) = (1, 0),
β+, for (k, l) = (0, 0),
α−, for (k, l) = (−1, 0),
β−, for (k, l) = (0,−1),
0, otherwise,

p(0, 0 : k, l) =
{

1 for (k, l) = (0, 0),
0, otherwise.

(A· 4)

We can derive the elapsed time s as the first passage
time from δx(0) to (0,0) of the finite state Markov chain [22]
described by the transition probability p(i, j : k, l). (Note
that |δx(t)| + |δy(t)| is a non-increasing function of t. Thus,
the number of states δx can be limited to |δx(0)| + |δy(0)|
and becomes finite. In practice, the movement of δx(t) is
confined to a certain area determined by δx(0).)

Let pn(i, j) be the probability that the first pas-
sage time of δx from (i, j) to (0,0) is n, and set
pn(i) = (pn(i, 0), pn(i − 1, 1), · · · , pn(0, i), pn(−1, i −
1), · · · , pn(−i, 0), pn(−i + 1,−1), · · · , pn(0,−i), pn(1,−i +
1), · · · , pn(i − 1,−1))T , which denotes the probability vec-
tor that the first passage time from Ωi to (0,0) is n (T is
a transpose operator.). Then, based on the Markov chain
theory, for n ≤ u, pn(i) = Mi,ipn−1(i) + Mi.i−1pn−1(i − 1) +
Mi,i−2pn−1(i − 2), for (i > 2, n > 1); 0, for (i > 2, n =
1); Mi,ipn−1(i) + Mi.i−1pn−1(i − 1), for (i = 2, n > 1);
Mi,i−2, for (i = 2, n = 1); Mi,ipn−1(i), for (i = 1, n >
1); and Mi,i−1, for (i = 1, n = 1). Here, Mi,i− j is the
transition probability matrix from a state in Ωi to a state
in Ωi− j, the (k, l) element of Mi,i− j is p(−i + |2i + 1 −
k|, ψ0(i, k) : −i+ j+ |2(i− j)+1− l|, ψ j(i, l)), where ψ j(i, k) ={

(i − j) − |i − j + 1 − k| for 1 ≤ k ≤ 2(i − j) + 1
−i + |k − 3(i − j) − 1| for 2(i − j) + 1 ≤ k ≤ 4k

. pn(i)

can be obtained iteratively through the equation above.
According to Eq. (3), the probability that the distance

between the tagged vehicle and the nearest FSV at t = 0

is i is (1 − λ)2i2−2i+1 − (1 − λ)2i2+2i+1 (i > 0). In Ωi, which
is a set of grid points whose distance is i from (0,0), there
are 4i grid points. Thus, the probability that δx(0) = (k, l)
is λ(1 − λ)2i2−2i+1/4i when |k| + |l| = i > 0. For i = 0, this
probability is λ. It should be noted that the tagged vehi-
cle and the chosen FSV cannot meet within n time units if
δx(0) ∈ Ωi, i > 2n. Thus, for n ≤ u,

Pr(s = n) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
λ for n = 0∑2n

i=1
1
4i {(1 − λ)2i2−2i+1

−(1 − λ)2i2+2i+1}
(1, 1, · · · , 1)pn(i) for n > 0.

(A· 5)
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